Definition 2.1. An idempotent e in an algebra a is said to be primary if ef = e for any idempotent f ∈ A such that ef ≠ 0.
Note that the product of any two distinct primary idempotents is zero.
Main results.
Let A be a complex Banach algebra. Let I be the set of idempotents in A, let P be the set of all primary idempotents, and let A o be the set of all (complex) finite linear combinations of primary idempotents A o = { n i=1 λ i e i : e i ∈ P , i = 1,...,n and λ 1 ,...,λ n are complex numbers}. 
Then, A is a commutative proper H * -algebra.
Proof. First, note that A is commutative. Also, it follows from assumption (i) that, for each e ∈ I, there are primary idempotents f 1 ···f n (a finite number) such that e = f 1 + f 2 + ··· + f n and f i f j = 0 if i ≠ j. To see this, let e ∈ I and f ∈ P be such that ef ≠ 0. Then, ef = f and g = e − f is also an idempotent such that f g = 0. This means that e 2 = f + g 2 = f 2 + g 2 , and so
It follows that if n is any natural number such that e 2 < n, then g 2 < n − 1. Now, we can use induction on n to see that each idempotent can be represented as a finite sum of primary idempotents. (Note that if g is a finite sum of mutually annihilating members of P , then so is e = f + g since f ∈ P and f g = 0.) But this means that A o (the space of finite linear combinations of the members of P ) is dense in A. Theorem 3.1 now implies that A is an H * -algebra. 
Proof. We only need to show that, for each e ∈ I, there exists f ∈ P such that ef ≠ 0.
Let e ∈ I and let N be the annihilator of e, N = {x ∈ A : xe = 0}. Then,
. Now, we show that f ∈ P , that is, f is primary. Let h ∈ I be such that f h ≠ 0. If f h ≠ f , then f − f h ≠ 0, and we have a decomposition f = f 1 + f 2 of f as a sum of nonzero idempotents f 1 = f h and
. This contradicts the maximality of M. Thus, f h = f for each h ∈ I with f h ≠ 0. Theorem 3.2 now implies that A is a commutative H * -algebra. Indeed, let e be primary and assume that e = e 1 +e 2 for some nonzero idempotents e 1 and e 2 such that e 1 e 2 = 0. Then, e 1 e = e 1 and e 1 e = e since e is primary. This implies e 2 = 0, which is a contradiction.
Some properties of H
Conversely, assume that e ≠ ef for some idempotent f such that e 1 = ef ≠ 0. Then, e 2 = f − ef is also nonzero idempotent such that e 1 e 2 = 0 (e 2 2 = (e − f ) 2 = e − ef − ef + ef = e 2 and e 1 e 2 = ef (e − f ) = ef − ef = 0). This means that if e is not primary, then it has a decomposition e = e 1 + e 2 into mutually annihilating nonzero idempotents.
In the case of a proper commutative H * -algebra, the fact that e is primary would also imply that e is selfadjoint: e * e = e since e * is also idempotent 
